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Abstract. The interpolation of continuous surfaces from discrete points is supported
by most GIS software packages. Some packages provide additional options for the
interpolation from 3D line objects, for example surface-speci®c lines, or contour lines
digitized from topographic maps. Demographic, social and economic data can also be
used to construct and display smooth surfaces. The variables are usually published as
sums for polygonal units, such as the number of inhabitants in communities or
counties. In the case of point and line objects the geometric properties have to be
maintained in the interpolated surface. For polygon-based data the geometric
properties of the polygon boundary and the volume should be preserved, avoiding
redistribution of parts of the volume to neighboring units during interpolation. The
pycnophylactic interpolation method computes a continuous surface from polygonbased data and simultaneously enforces volume preservation in the polygons. The
original procedure using a regular grid is extended to surface representations based on
an irregular triangular network (TIN).
Key words: Interpolation, surface, TIN, cartography, GIS, regional planning
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1 Conceptual surfaces
Surfaces with only one possible height value at a location in the plane (2D surfaces)
are usually generated from discrete geometric elements, such as points or lines with a
height information. The height values between the data points or lines are
interpolated following rules based on global or local properties of the data,
mathematical models, experience, or expert knowledge about the formation of the
real surface. The most common example for the model of a surface and its
visualization is the surface of the earth as displayed on topographic maps.
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The surface of the earth is a physical surface which can be perceived. Surfaces
calculated from physical variables, such as temperature or air pressure, are not
directly visible. They are nevertheless part of our every-day experience, for example
from weather forecasts on TV. Time distances in transportation networks can be
visualized as continuous surfaces for analyzing and demonstrating the general
accessibility of public infrastructure by computing time distances to, for example,
central places or nodes of the transportation network.
Surfaces derived from environmental, demographic, social or economic data are
used more and more in spatial analysis. The invisible surfaces are conceptual
models which can only be detected by their in¯uence, not by their actual physical
presence. They exist only as numbers and ®les in a computer system. These models
are called conceptual surfaces. The resolution of the original data and the
resolution of the generated surface necessary to obtain a high-quality map dier
considerably in most cases. Conceptual surfaces are continuous, with some rare
exceptions.
The visualization of conceptual surfaces can be a very useful complement to the
usual choropleth maps in spatial analysis. In the case of most environmental
variables, for example, the abrupt change in value at the boundary of a polygon on a
choropleth map is not appropriate, because the boundaries of natural phenomena
coincide rather seldom with administrative boundaries. A continuous surface or its
visualization also has a certain amount of uncertainty or fuzziness compared to the
strictness of boundary lines. This feature of interpolated surfaces is highly
appreciated, for example, to visualize concepts in spatial development or planning
on the supranational (European) level to avoid direct references to the existing
political and administrative boundaries (BfLR 1995). A conceptual surface can also
be considered under certain conditions as a probability surface which can be used for
fuzzy reasoning or map algebra (Tomlin 1990).
In contrast to a model of the earth's surface which is calculated from point and
line data, conceptual surfaces have to be derived from polygon-based data as well.
The data from a poll, a census or from administrative procedures are often
published only as totals for spatial units of a certain size to ensure the privacy of
individuals or trade secrets of companies. The use of a geometric proxy for the
polygon, e.g. the centroid, is common practice, but has some shortcomings. For
example the preservation of the volume associated with the polygon cannot be
assured in a point-based interpolation method, and the polygon boundary is not
present in the surface model.

2 Data structures for continuous surfaces
A data structure is the speci®cation how a model of the real world or parts thereof are
represented in a computer system (computer scientists will forgive me the rather
coarse de®nition). For the kind of surfaces discussed here two data structures are used
in most applications, the regular grid and the triangular irregular network, or TIN.
Other divisions of the plane, such as hierarchical tesselations (e.g. quadtrees, Samet
1990) seem to be less important in the context of the volume-preserving interpolation.
The data structure for representing the surface should not be confused with similar
data structures some interpolation methods use to calculate the continuous surface,
for example the TIN (Renka 1996b), or a hierarchical tesselation (Mitasova and
Mitas 1993).
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2.1 Regular grid of rectangles or triangles
The most common representation for a surface is a grid of orthogonal lines with
numerical values at the grid intersections. For practical reasons the lines are usually
equidistant. Regular rectangular grids can be handled rather comfortably in a
computer program because most programming languages provide support for twodimensional arrays. A grid of equilateral triangles has some advantages over the
rectangular grid (Watson 1992), but requires extra provisions in the program code.
The immediate neighbors of a point, for example, cannot be accessed by simply
incrementing or decrementing the array indices. The regular rectangular grid with
numerical height values at the grid intersections is a common model for objects used
in display and rendering software, also known as a height®eld.
The real world is seldom regular or even rectangular. The data points coincide only
by chance with the intersection points of the grid, lines nearly never follow the grid
lines. Algorithms and programs have been developed to interpolate irregular points,
lines and polygons to a regular grid. To minimize the error induced by the
transformation from the irregular data to the regular grid, the size of the grid cells can
be made very small. A ®ner resolution of the grid, however, requires more processing
time, memory and I/O bandwidth.
2.2 The triangular irregular network (TIN)
The triangular irregular network (TIN) allows the preservation of the original data
points in the model of a surface (Peucker et al. 1978). The data points are the nodes of
the irregular grid. The nodes are connected by arcs or edges, forming a mesh of
triangles of dierent size and orientation. In contrast to a regular grid the TIN can be
adapted to varying local resolution requirements. In regions of high relief energy
(rapid change in numerical value) the mesh can be made denser. In regions with
extended areas of small variation the size of the triangles might be larger. The TIN
can be decimated by eliminating redundant triangles and nodes, for example in ¯at
areas where the nodes have only slight dierences in height (Schroeder et al. 1992;
Junger and Snoeyink 1998). Decimation is applied to provide surface models with
dierent levels of detail, for example to improve performance in real-time display
applications.
The main shortcoming of the TIN model for the implementation as a computer
program is the lack of directly applicable language elements such as arrays. Examples
of data structures for TINs can be found, for instance, in Renka (1996a), Ruppert
(1995), or Shewchuk (1997).
For the assignment of the arcs connecting the nodes several strategies are possible.
The Delaunay triangulation is considered to achieve optimal TIN con®gurations
(Ruppert 1995). The more recent implementations of the Delaunay triangulation
provide support for constraint lines, allowing the de®nition of a concave outer
boundary, or holes and barriers inside the network (constraint Delaunay triangulation,
CDT). A comprehensive overview of Delauney triangulation algorithms and software
including WWW links can be found at Skiena (1998).
To preserve the characteristics of the surface the exact path of the polylines, in our
case the boundaries of polygonal units, has to be reproduced in the TIN. The initial
Delaunay con®guration is modi®ed slightly by forcing certain arcs to coincide with
the polylines. The slight deviation from the ideal Delauney triangulation can be
tolerated.
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3 Volume preservation
Polygon-based data, for example the number of inhabitants in an administrative unit,
may be considered as a volume which can be visualized by a prism in the perspective
view of a choropleth map (Fig. 1). The height of the prism is calculated by dividing
the volume by the area of the reference polygon. The volume of the depicted prisms is
proportional to the number of inhabitants, the height is proportional to population
density. The color or lightness of the prism tops represent density classes to
demonstrate the relationship to a choropleth map in 2D.
During interpolation (the calculation of the smooth surface) parts of the volume
should not be redistributed to neighboring units. The volume of the prism above a
polygon should remain constant before and after the interpolation of the smooth
surface, in our case the number of inhabitants. If the centroid of the polygon is used
as a geometric proxy the redistribution cannot be controlled. An interpolation
algorithm should use the polygon as the geometric reference, and enforce the
preservation of volume for each unit.
Tobler developed a procedure to generate a smooth surface from polygon-based
data which he dubbed pycnophylactic interpolation (Tobler 1979). Pycnophylactic,
from Greek pyknos = mass, density and phylax = guard, means volume-preserving.
The procedure consists of two main steps. In the ®rst step the polygons and the

Fig. 1. Perspective view of a choropleth surface
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associated volume data are converted to a regular grid with height values assigned to
the grid points. In the second step the heights at the grid points are increased or
decreased individually to make the surface smooth, while simultaneously enforcing
the volume-preserving condition. The second step is repeated until the remaining
``roughness'', the deviation from the ideal smoothness, has reached a user-de®ned
threshold, or until the maximum number of cycles is reached.
The conversion from the irregular polygons to the regular grid has the disadvantage
that the original polygon boundaries and other polyline data are no longer present in
the model. The size of the grid cells cannot be reduced below a certain level, for two
reasons. Firstly, the doubling of the linear resolution, same number of iterations
assumed, leads to a fourfold increase in memory requirement, computing time and
display throughput. Secondly, the size of the grid cells in¯uences the form of the
surface. A ®ner grid tends to generate extended ¯at regions inside the polygons and
steeper gradients at the polygon boundaries, an eect not considered to be useful in
all cases (Rase 1998).
4 Pycnophylactic interpolation in a triangular irregular network
The volume-preserving properties of Tobler's pycnophylactic interpolation and the
advantages of the triangular irregular network for preserving the geometry of lines are
combined. The procedure consists of two basic steps:
1. Generation of the TIN from the boundary network by inserting additional points
into the polygons.
2. Interpolation of a smooth surface including volume preservation by an iterative
procedure.
4.1 Generation of the TIN
The TIN used for interpolation is built from the boundary network of the reference
polygons and additional points to be inserted into the polygons. The ®nal TIN should
have the following properties:
 The triangles should be of appropriate size in relation to the reference polygons.
 Skinny or obtuse triangles should be avoided, e.g. triangles with one small or one
large angle, or one small or one large side.
The number of the additional points in the polygons determines the size of the
triangles. The triangles should be small enough to obtain a smooth surface. If the
triangles are too small in relation to the area of the polygon the surface tends
to stay ¯at in the center of the polygon. If the triangles are too large a certain amount
of ``roughness'' remains in the surface. Triangles with small angles may cause
discontinuities in the surface, or arithmetic problems due to small angles may occur.
Two main approaches for the generation of the TIN were implemented, the
insertion of a regular grid into the polygons and the re®nement of the initial TIN
constructed from the boundary network.
4.1.1 Insertion of a regular grid into the polygons
A regular grid of triangles or quadrangles is inserted into each polygon (Fig. 2a). The
boundary and the grid points are triangulated forming a Delaunay triangulation. The
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Fig. 2. Two approaches for point generation inside the polygons

path of the boundary polylines is forced to be arcs (or edges) in the network. To
minimize the number of obtuse triangles in the neighborhood of the boundaries, only
grid points are inserted which have a minimum distance from the boundaries, about
half the triangle height. Extra points along the boundary polylines are inserted at a
distance approximating the resolution of the grid.
4.1.2 Re®nement of the TIN
The second approach tested was the re®nement of the initial TIN based on the
boundary polylines. The re®nement of a TIN is a common procedure in computerassisted mechanical design, for example to generate a smooth surface for a mechanical
part, or to generate a dense grid for simulation of the mechanical stress asserted on
the real part before it is actually manufactured (®nite element method, FEM). The
objective is the generation of a quality mesh where upper and lower bounds for
triangle size, aspect ratio, or angles are assured. Additional points (Steiner points) are
inserted into the edges and triangles of the initial triangular network, in our case set
up from the boundary polylines, in order to split large triangles and to avoid small
angles.
Several approaches for the re®nement of triangle meshes have been published.
The algorithm of Chew (1989) was used to test if mesh re®nement achieves an
improvement over the more or less heuristic approach of inserting a regular grid of
points. The algorithm works as follows. It is assumed that the distances of every
point to another point in the initial con®guration
p(the network of polygon
boundaries) is between the minimum distance h and h 2. Additional points have to
be inserted intopthe
 polylines, if necessary. A relaxation of the length condition to
2h instead of h 2 was found to be tolerable. After triangulation the circumference
circle for each triangle is calculated. If the radius of the circle is >h, the center of
the circle is added as a new node. The triangulation and the check is repeated until
no new node is generated.
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The procedure results in a TIN with triangles of fairly uniform size. Skinny or
obtuse triangles are avoided or at least minimized (Fig. 2b).
The algorithm of Chew was easy to implement using the TRIPACK software by
Renka (1996a). The implementation is not optimal but fast enough to test if the
approach is useful for the pycnophylactic interpolation.
4.1.3 Results
The best interpolation results were achieved with a grid of equilateral triangles.
``Best'' means in this context that the resulting surface is smooth, and the amount of
``roughness'' is small. The smoothness is judged by visual inspection, and the overall
roughness is measured by the relative variance (see next section). Obtuse and skinny
triangles, however, cannot be excluded completely with the regular grid due to the
irregularities of real polygon boundaries.
Other algorithms to generate quality meshes were not tested further. It
was concluded from the results that the irregularity of the mesh itself and not the
quality of the irregular mesh is responsible for the decline in smoothness (for some
suspicions about the reason see next section). A ``better'' mesh in the sense of
the quality mesh approach would not lead to a better surface. To test this
hypothesis the nodes of the regular grid were displaced slightly by a random
amounts with dierent maximum thresholds. A degradation in smoothness was
observed similar to the one with the irregular grids generated by the Chew
algorithm.
4.2 Interpolation of the smooth surface
During the construction of the TIN provisional density values are assigned to the
nodes. The nodes which are part of the polygon boundaries are preset with the
average of the neighboring polygons. Most boundary nodes belong to two
adjacent polygons, and receive the average of two values. The nodes where several
boundary segments meet belong to several polygons, and receive the average of
more than two values. The nodes inside the polygon are preset with the height of
the polygon.
The nodes on the outer boundary get a special treatment. For the ®rst option
the nodes of the outer boundary are preset with zero or the data minimum.
The result is comparable to a coast with a sand beach where the land emerges
gradually from the ocean. The second option is similar to a coast with steep rocks.
The points on the outer boundary are preset with the height of the neighboring
polygon.
The interpolation algorithm is an adaptation of the procedure which Tobler
suggested for the regular rectangular grid. A short verbal description of the algorithm
should suce at this point. Readers interested in the mathematical foundations are
referred to the original publication (Tobler 1979), or an abbreviated description of the
procedure (Rase 1998).
The interpolation procedure consists of two steps:
1. Smoothing: The numerical value of each point is recalculated to achieve a smooth
surface.
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2. Redistribution of the dierences: The deviation in the volume over each polygon is
redistributed by increasing or decreasing the node heights for each polygon to
enforce the pycnophylactic condition.
The two steps are repeated until the threshold for the overall smoothness measured by
the relative variance or the maximum number of iterations are reached.
4.2.1 Smoothing
The numerical value of each node in the TIN is recalculated several times during the
iteration to transform the ¯at tops and steep gradients at the boundaries gradually to
a smooth surface. Basically the smoothness is achieved by assigning the arithmetic
average of its immediate neighbors to each node in the TIN.
For each node the average of the z-values of the ®rst ring of neighbors (Fig. 3) is
calculated with inverse distance weighting (IDW, Shepard 1968).
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Averaging the immediate neighbors in the TIN is similar to the Laplace equation
criterion in Tobler's original implementation with the regular grid. The average from
the neighbors replaces the previous height value of the node:
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For a node on the outer boundary the boundary condition is checked. In the case of a
``sand beach'' the node is left at zero or the data minimum.
The relative variance as a measure of the remaining general roughness of the
surface (the sum of squared deviations) is calculated for all nodes:

Fig. 3. First and second ring of neighbors of a node in the TIN
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4

R relative variance
n number of nodes
z arithmetic average of all nodes
Inverse distance weighting is supposed to compensate for the irregularity of the TIN
(the immediate neighbors have dierent distances to the node). The value of 2 for the
exponent p (inverse squared distance) is used in many applications as an analogy to
the gravity model. Tobler (1999) recommends a linear decay function by setting the
exponent to 1. A value of 0 for p (unweighted average) can also be used but may cause
unwanted irregularities in the surface.
The second smoothness criterion in Tobler's original implementation based on the
biharmonic equation is approximated by adding the second ring of neighbors
(neighbors of neighbors) for the calculation of the average for each node (Fig. 3). The
results were similar to the results achieved with the regular grid and the biharmonic
criterion (Rase 1998). The gradients at the polygon borders were steeper, and the
surfaces had more extended ¯at areas inside the polygons.

4.2.2 Redistribution of the dierences in volume
In the following step the actual volume for each polygon is computed by summing
up the volumes of the prisms above the triangles inside each polygon. The
dierence of the actual volume to the original volume is used to compute a
correction factor for the height of the nodes inside the polygon. The height is
increased or decreased iteratively by a small amount until the dierence between the
actual volume and the original volume is smaller than a chosen threshold. A
measure to avoid oscillations around the setting point in consecutive iteration steps
is underrelaxation, that means that only a percentage of the adjustment value
(around 90%) is applied.
Smoothing and redistribution of the dierences are repeated until the relative
variance is lower than a preset threshold, or the user-chosen maximum number of
cycles is reached.

4.3 Example for an interpolation with a small test data set
Figure 4 shows three versions of a continuous surface interpolated from a small test
example. Figure 4a displays a perspective view of a choropleth surface representing
the volumes associated with polygons. The surface interpolated with a regular
triangular grid inserted into the polygons (Fig. 4b) seems to be smoother than the
third surface. The surface generated with TIN re®nement using the algorithm of
Chew (Fig. 4c) has a ``bumpier'' appearance, which also shows up in the value of
the variance. Obviously the averaging step provides the best results if the distances
from all neighbors are equal, that means, the neighbors are located on the corners
of a regular hexagon. The inverse distance weighting does not compensate enough
for the deviations of the irregular grid. Similar observations were made when the
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Fig. 4. Surfaces interpolated from a small test data set

nodes of the regular triangular grid were relocated by adding random amounts to
the coordinates.
4.4 Surface from polygon-based population data
The pycnophylactic interpolation with a TIN was used to interpolate smooth surfaces
from several polygon-based variables. The original boundary polylines were
simpli®ed using the Douglas-Peucker algorithm (Douglas and Peucker 1973). The
data reduction was performed to minimize the number of very small, obtuse and
skinny triangles. Figure 5 shows the results of the two basic methods used for the
generation of the triangular network.
Both the results of the statistical calculations and the visual appearance of the
interpolated surfaces support the observation made with the small data set. The
regular triangular grid inserted into the polygons is the preferable solution in
comparison to the TIN re®nement with the algorithm of Chew.
The distribution of the population in Germany was chosen for the surface
displayed in Fig. 6. To avoid false assumptions it has to be made clear that the maps
do not try to represent the real distribution of inhabitants within each polygon
(Federal Planning Regions, Gebietseinheiten der Raumordnung in Germany). For
spatial analysis and regional planning on the Federal level the regions and the
associated data values (volumes) are suciently detailed models of reality. If
the planning authorities below the Federal level are interested in the distribution of

Fig. 5. Boundary network and two variants of TINs in enlarged windows
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Fig. 6. Continuous surface from population data in Germany

the population within the units, they can use a ®ner level of regional subdivision, e.g.
counties or communities.
4.5 Interpolation of index numbers
The example of the population was used in Figs. 1 and 6 because the variables
inhabitants and population density are well known and easy to explain. It is at least
questionable if the continuous surface is the appropriate cartographic method to
display population ®gures (I think it is appropriate). Index numbers composed of
several variables, for example variables describing the natural environment, or
demographic or economic ®gures, are inclined to be depicted as continua. The natural
environment does not change abruptly at the boundary of an administrative region.
The surface expresses a certain amount of fuzziness or probability. In case of the TINbased pycnophylactic interpolation the original boundary lines are preserved in the
surface data structure and could be made visible if required.
The smooth surface in Fig. 7 was interpolated from an index number which is
supposed to represent the economic de®ciencies in rural areas of Germany (Irmen and
Blach 1996). The indicator is composed of ten base variables describing the
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population density, land use, accessibility, employment, tax revenue, and average
income. The base variables were combined by the method of cumulated de®cit
analysis (Irmen 1995).
The class with the highest values depicts the rural areas with the most severe
economic problems, the class with the lowest values are the urban regions (with
problems as well, of course, but dierent ones than the rural areas). The classes
between the two extremes represent the gradations for the economic de®ciency in
rural areas.
In contrast to the variable used in Fig. 6 the index number does not represent a
volume but a height value. The ``virtual'' volume can be calculated by multiplying the
height by the area of the polygon.
5 Conclusions
5.1 Regular grid or TIN for the pycnophylactic interpolation?
The pycnophylactic interpolation ± or a similar method with volume-preserving
properties ± is mandatory for the construction of a continuous surface from

Fig. 7. Surface depicting the economic de®ciency in rural regions in Germany
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polygon-based data. The use of the centroid as a geometric proxy cannot
assure volume preservation during the interpolation. But what are the advantages
or disadvantages of using a irregular triangular network (TIN) for the pycnophylactic interpolation in comparison to a regular grid? The following points
may help to get an answer which surface model should be used for the speci®c
case.
 The error resulting from converting the polygons to a regular grid in the ``classic''
version of the pycnophylactic interpolation is avoided, especially for a set of
polygons with an extended range in size and resolution. The geometry of the
boundary polylines can be preserved to the necessary precision in the data structure
of the surface.
 The number of triangles can be kept lower than the number of rectangles in a
regular grid, by selection of the resolution, and by decimating the triangular mesh,
if appropriate.
 Triangles or triangle meshes are the basic geometric objects for some highperformance graphic devices. The use of triangles can speed up the display
process for real-time applications. On the other hand a regular grid can be
converted easily into a pixel array on most graphic devices. It depends on the
actual device and the application requirements if a regular grid or a TIN is more
adequate.
 The TIN model is more dicult to implement than a grid. It requires more eort
and provisions for the data and program structures.

5.2 Further work
A regular triangular grid of points inserted into the polygons leads to better
interpolation results than a re®nement of a TIN based initially on the polygon
boundaries. It is suspected that the averaging step with inverse distance weighting
(Shepard 1968) is probably too simple to cope with the varying distances to the
neighboring nodes. A more advanced algorithm of the same family, for example the
algorithm implemented by Renka (1988, 1999), might be a better solution. If
smoothing for irregular triangles can be improved other algorithms to obtain quality
meshes should be tested.
Although conceptual surfaces are usually considered to be smooth, discontinuities
can be present sometimes, for example in case of physical, political, social and
cultural boundaries. Indeed the Iron Curtain between the two Germanies until 1990
was such a barrier which will be traceable for many years, visible in the landscape,
and invisible in the minds. Barriers have some intricacies concerning the data
structure and the interpolation algorithm, for example the steep clis which may
develop along the barrier lines. The option for barriers was implemented in the
pycnophylactic interpolation for TIN-based surfaces to evaluate the necessary
modi®cations to the data structure and the interpolation algorithm, and to
demonstrate the use of barriers in general.
The conceptual model for barriers, the proper de®nition of barrier lines and the
logical explanation of the interpolation results, however, seem to be more dicult
than the implementation. More examples of smooth surfaces with barriers have to be
generated and discussed until conclusions can be drawn about the bene®t of barriers
in conceptual surfaces.
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